Contextuality within quantum mechanics manifested in subensemble mean values 
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For spin-1/2 particles, using a suitable Mach-Zehnder-type setup with a spin-flipper, we argue that 
it is a direct consequence of the quantum mechanical treatment that an experimentally verifiable 
subensemble mean of the measured values of an arbitrarily chosen spin variable exhibits dependence 
on the choice of a comeasurable 'path' observable. This, in turn, enables inferring path-spin con- 
textuality at the level of individual measured values of spin that are predetermined using a relevant 
hidden-variable model applied to our setup. 



o 
o 

O 

Q 

oo 



43 ■ 

^— > ■ 
C ■ 
ctf ■ 
=5 

cr 



> 
o 

in 

m 

On 
O 



X 



PACS numbers: 03.65.Ta 



INTRODUCTION 



In quantum mechanics (QM), the expectation value of 
any dynamical variable is fixed by a given wave function, 
and is independent of the experimental setup used for 
measuring the variable in question. In particular, this 
value is independent of the measurement (previous or 
simultaneous) of any other commuting (comeasurable) 
observable. The assumed extension of such 'context- 
independence' from the level of quantum expectation 
values to any individual measured value of a dynami- 
cal variable that is predetermined is what underpins a 
class of theories known as the deterministic noncontex- 
tual hidden-variable (NCHV)models. Such realist models 
seek to provide event-by-event descriptions of quantum 
phenomena by using a 'more complete' specification of 
the state of an individual system than that is given by a 
wave function. The study of the issue concerning com- 
patibility between the formalism of QM and the NCHV 
models has been one of the active areas of investigations 
related to the foundational issues of QM. 

Different versions of the proof of the mathematical the- 
orem showing an incompatibility between the formalism 
of QM and the deterministic NCHV models were given 
by Gleason [lj, Bell Q, Kochen and Specker followed 
by others suggesting a variety of ingeniousproofs of this 
'no-go theorem'; see, for example, 

ilia an 

But, much 

later, an important observation was made[^| that since 
all these proofs used some inputs from the formalism of 
QM, and were thus not entirely independent of the formal 
structure of QM, they could not be used for experimen- 
tally discriminating between QM and the NCHV models. 

The above point, though, was taken into account in 
an earlier study by Roy and Singh [§] while showing an 
incompatibility between QM and a Bell-type inequality 
obtained from the stochastic NCHV models (in which for 
every possible value of the hidden variable, the probabil- 
ity to find a certain result for a given observable does 
not depend on which other observables are measured 
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jointly, and the joint probabilities are simply products 
of the probabilities for single observables) for particles 
with spin higher than 1/2. For the deterministic NCHV 
models, Cabello and Garcia- Alcaine gave an argument 
using a two-particle two-state system that enables a suit- 
able joint measurement pertaining to a particular set of 
compatible propositions to discriminate between QM and 
a testable consequence of the NCHV hypothesis that is 
derived independent of QM. Although this led to some 
interesting work [T3|, a ticklish point is that this type of 
non- statistical argument in terms of the yes-no validity 
of propositions is contingent upon the relevant dynami- 
cal variables being measured with infinite precision - an 
issue that has been the subject of considerable discus- 
sions [ll| as to what extent the finite precision (in the 
sense of 'imprecision' in actually what is being measured) 
measurements can enable an empirical discrimination be- 
tween QM and the deterministic NCHV models. 

In the context of the aforesaid controversy, a testable 
example was formulated by using an entanglement be- 
tween the path and spin observables of a spin-1/2 parti- 
cle so that a testable Bell-type inequality can be derived 
valid for any deterministic NCHV model, but which is 
independent of QM [13]. The feature that, in such a 
scheme, QM violates the noncontextual realist Bell-type 
inequality by a finite amount suggests the possibility of 
empirically discriminating the NCHV models from QM, 
even if the actual measurements are inevitably imprecise. 

The experimental realization of a variant of the above 
scheme was achieved by Hasegawa et. al. [3] using single- 
neutron interferometry, and the NCHV models were re- 
futed through an observed violation of the relevant Bell- 
type inequality. Thereafter, the experimental investiga- 
tion along this line was enriched by more studies |14 ]. 
A significant recent development is the formulation of 
a scheme [l5[ for testing the NCHV models on the ba- 
sis of the quantum mechanical violation of an inequality 
obtained from the Peres-Mermin0, 0] proof of the 'no- 
go theorem'. This proposed experiment using neutrons 
has the potentiality of demonstrating the quantitatively 
largest violation of a bound expected from any NCHV 
model. 

The whole body of the preceding works may, thus, be 
viewed as an enterprise that seeks to establish, with an 
increasing rigour, the untenability of the NCHV mod- 
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els in a way distinct from the studies related to local 
hidden- variable models[ll|. Thus, these works contribute 
towards countering the doubts that have been raised (re- 
viewed, for instance, by Barrett and Kent about a 
decisive empirical refutation of the NCHV models that 
can be achieved by the finite precision measurements. 

Against the above backdrop, the present Letter ex- 
plores the issue of quantum contextuality from an en- 
tirely different perspective. Note that all the relevant 
studies have so far focused on showing an incompatibility 
between QM and the NCHV models by deriving conse- 
quences from the basic tenets of the NCHV models and 
by showing their incompatibility with the correspond- 
ing implications of the formalism of QM. In contrast, in 
this Letter, we argue that it is indeed possible to derive, 
within the formalism of QM, a statistically discernible 
effect of 'contextuality' that is manifested in terms of the 
measured values of a spin variable pertaining to either of 
the two subensembles comprising the final output ensem- 
ble. The specific sense in which the term 'contextuality' 
is considered here pertains to the feature that the oper- 
ationally well-defined subensemble spin mean values are 
contingent upon what choice is made of measuring a suit- 
ably defined comeasurable(commuting)'path' observable. 
We may stress that this form of contextuality has so far 
remained entirely unexplored. 

Our demonstration is with respect to a specific setup 
that makes a suitable use of the path-spin entanglement 
(that can be labelled as 'intraparticle entanglement') be- 
tween the spin variables and the 'path' observables of a 
spin-1/2 particle. Importantly, this effect is obtained by 
preserving the context-independence of the quantum ex- 
pectation value of spin that is defined with respect to the 
whole ensemble of particles on which the measurements 
are performed. 

Further, a key aspect is that the quantum mechan- 
ically calculated 'context-dependence' at the level of 
subensemble statistics enables the inference of 'context- 
dependence' of an individual measured value of a spin 
variable that is predetermined using any hidden- variable 
model relevant to our setup. Thus, what is revealed is 
that the property of contextuality can be viewed as the 
one embodied within the formalism of QM. 

Now, before formulating our argument, we will first ex- 
plain the specifics of the setup required. This discussion, 
though presented in terms of the spin-1/2 particles (such 
as neutrons), works equally well for photons with ap- 
propriate polarizing and analyzing devices. Interestingly, 
although such a setup was discussed earlier[T3, 0], the 
implication brought out in this Letter has remained hith- 
erto unnoticed. 



II. THE SETUP 

Let us consider that an ensemble of neutrons, all cor- 
responding to an initial spin polarized state along the 
+z — axis (denoted by |T) Z ) be incident on a 50:50 beam- 



splitter(BSl). An incident particle can then emerge along 
either the transmitted or the reflected channel corre- 
sponding to or 1^2) respectively. Subsequently, the 
two beams corresponding to l^i) and are recom- 
bined at a second beam-splitter(BS2) whose reflection 
and transmission probabilities are I7I 2 and \S\ 2 respec- 
tively. 

Now, note that for any given lossless beam-splitter, 
arguments using the unitarity condition show that the 
phase shift between the transmitted and the reflected 
states of particles is essentially 7r/2[l8j]. Further, in our 
treatment, we will henceforth take the reflection and 
transmission amplitudes of BS2 to be real quantities. 

In order to formulate our argument, it is necessary 
to introduce the mutually orthogonal 'path' states |V>i) 
and 1^2) which are eigenstates of the projections op- 
erators P{ipi) and P{ip2) respectively. These projec- 
tion operators correspond to the observables that per- 
tain to the determination of 'which channel' a parti- 
cle is found to be in. For example, the results of such 
a measurement for the transmitted (reflected) channel 
with binary alternatives are given by the eigenvalues 
of P(ipi)(P(ip2))', the eigenvalue +1(0) corresponds to 
a neutron being found(not found)in the channel repre- 
sented by I -01 > ( |'02> ) - 

Next, we consider that the neutrons which move along 
one of the channels, say, the one corresponding to 
pass through a spin-flipper(SF) (that contains a uniform 
magnetic field along the +£-axis) that flips the state |f) z 
to I i) z . Subsequently, the neutrons passing through the 
channels 1-01) and \ip2) are reflected by the mirrors M2 
and Ml respectively - these reflections do not lead to any 
net relative phase shift between \ipi) and \tp2}- 



M2 




Ml 



Figure 1: Spin-1/2 particles (say, neutrons) entering this Mach- 
Zehnder type setup through a beam splitter BS1 pass through the 
channels corresponding to and \ip2)- A spin-flipper(SF) is 

placed along one of the channels |^>i). Subsequently, spin measure- 
ments are considered on the neutrons emerging from the beam split- 
ter BS2 by using the two spatially separated Stern-Gerlach devices 
SGI and SG2. For inferring quantum contextuality, subensemble 
mean values of the spin variable ag are considered pertaining to 
SGI and SG2 separately. 



Thus, for the neutrons with spin \\) z incident on BS1, 
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the state of those incident on BS2 is represented by 

l*> = ^|(IV>i>U>, + ^2>|T>J (i) 

where, in writing Eq.(l), we have taken into account a 
relative phase shift of ir/2 between \ipi) and \tp2) that 
arises because of the reflection from BS1. 

Here we stress that the process of passing neutrons 
through the arrangement of BS1+SF serves the purpose 
of appropriately preparing a state given by |\&) of Eq.(l) 
on which we will consider measurements relevant to our 
demonstration of contextuality. Note that the state thus 
prepared is an entangled state involving the path degrees 
of freedom and the spin variables of a spin-1/2 particle. 

III. THE REQUIRED MEASUREMENTS 



that can be written as the following linear combination 
of the Pauli matrices 

A, = 2^8a y + (7 2 - S 2 )a z = a. Si (5) 

where a t = 2j5j + (j 2 — 5 2 )k 

Eq.(5) shows that, given a particular choice of the 
beam-splitter parameter ~f(S), a specific 'path' observ- 
able Ai can be viewed as corresponding to a definite vec- 
tor component defined by a.a. It is in this sense that 
such 'path' observables may be regarded as 'pseudo-spin' 
observables that commute with the actual spin observ- 
ables. 



IV. THE ARGUMENT INFERRING QUANTUM 
CONTEXTUALITY 



For analysing the relevant measurements on the state 
Y&) which is prepared by the setup preceding BS2, we 
write the state after emerging from BS2 as given by 

|$) = -L [i |^ 3 ) (7 \ l)z + s |T> J + 1^4) (S ||), - 7 IT) J](2) 

where the output states \ips} and (i/'d) are unitarily re- 
lated to the states \tpi) and \ip2) by the following rela- 
tions 

IV>i> = IV*) (3) 
\ip 2 ) = il |^4) + $ \i>3) 

where 7 and S satisfy 7 2 + S 2 = 1 . 

Eqs.(2) and (3) show that, for a given linear combina- 
tion of |-0i) and I fa), using the different values of 7(0"), 
one can generate at the output of BS2, various linear 
combinations of and 1-02) that correspond to dif- 
ferent probability amplitudes of finding particles in the 
channels corresponding to 1^3 ) and \ip4,) . Then, the dif- 
ferent values of the BS2 beam-splitter parameter -f(S) 
can be regarded as corrresponding to different choices of 
what may be called the 'path' observables Ai. Thus, BS2 
plays a key role as a part of this measuring arrangement. 

Formally, one can write Ai = P(i[)z) — P(ipi) where 
the eigenvalues ±1 of A4 pertain to the detection of a 
particle in a channel corresponding to either ^3) or (^4) 
respectively. An important point is that there is an iso- 
morphism^^ between the algebra of the observables A. t 
and the algebra of 2 x 2 complex matrices spanned as a 
linear space by the Pauli matrices a x , <7 y , a z , and the 
identity I matrix. This feature can be described as fol- 
lows. 

Taking the representation, for instance, |-0i) — > ( g ^ , 

l^) ^ ( ^ "\ and, using the relations given by Eq.(3), it 
follows that 

A -(^- 62 - l2l& \ (4) 



We focus on the measurement of an arbitrary spin 
variable, say, ag with the relevant outcomes being reg- 
istered by the two suitably oriented Stern-Gerlach(SGl 
and SG2) devices(Fig.l)placed along the spatially sep- 
arated channels IV'3) and ^4) respectively, while the 
counts registered at SGI and SG2 also yield informa- 
tion about the outcomes pertaining to the measurement 
of the 'path' observable A t . Note that the eigenstates 
of ag can be written as \]) g = cosd |t) z + sinQ \ [) z and 
\i) g = sin9\\) z — cosO \l) z . Then, corresponding to the 
prepared path-spin entangled state |\&) given by Eq.(l), 
the expectation value of the spin variable ag as measured 
by considering the whole ensemble of particles emerging 
from the beam-splitter BS2(part of the measuring setup 
here) is of the form 

(£0)* = (6) 

Here we would like to stress that the measurement 
of the above expectation value involves contributions 
from both the output subensembles corresponding to the 
counts separately registered in the measuring devices SGI 
and SG2. The respective subensemble spin mean val- 
ues, calculated from |$) given by Eq.(2), are denoted by 
(vg)sGi and (ag)sG2, whence 

(ag)^ = (ag)sci + (^e)sG2 (7) 

Note that all the three quantities occurring in the equal- 
ity given by Eq.(7) have the same operational status as 
far as their statistical reproducibility is concerned. But 
there is a crucial distinction between the left and the right 
hand sides of Eq.(7) with respect to the issue of path-spin 
interdependence. The quantity on the left hand side of 
Eq.(7), the spin expectation value (ag)y pertaining to 
the whole ensemble, is independent of which 'path' ob- 
servable is measured along with it. On the other hand, 
if we consider the quantities on the right hand side of 
Eq.(7), each of the subensemble spin mean values ((Te)sGi 
and {crg)sG2 is found to be sensitive to the choice of the 
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comeasurable 'path' observable. This can be verified by 
considering the spin measurement outcomes pertaining 
to each of the output subensembles. 

For this, we proceed by noting that, using Eq.(2), we 
have for the respective subensemble spin mean values 



(?e)sGi = ~ 7 2 )cos2# + 7 5sm20 (8) 
{oe)sG2 = \{l 2 - 5 2 )cos26 - 7 <fo»n20 (9) 

Next, we come to the crux of our argument that hinges 
on two different choices of 7(5) and where the superscript 
A\(A2) is used to specify the choice of the 'path' observ- 
able that can be measured in a given context: 

(a) Taking 7 = 5=1/ \f2, this choice implies the mea- 
surement of a particular 'path' observable A\ = a.Si 
where a\ = j. In this case, using Eqs.(8-9), we obtain for 
SGI and SG2 separately 

Msgi = l6sin26; {aefsal = -^sin28 (10) 

whence, using Eq.(2), the spin expectation value for 
the whole ensemble is given by (ag)qj = 0. 

(b) Taking 7 = 1/2 and 5 = y/3/2, this choice implies 
the measurement of a different 'path' observable A2 = 
a. a,2 where 0,2 = — \k. Consequently, using Eqs. (8- 
9), we obtain 



{aefsal = ^cos26 + -^-sin20 
{ae)sG2 = —gcos20 - ^-sin26 (11) 

whence, using Eq.(2), the spin expectation value for the 
whole ensemble is given by (a 0)9 = 0. 

It is then evident from Eqs. (10-11) that, while the spin 
expectation value (ae)* pertaining to the whole ensem- 
ble remains the same for both the choices of A\ and A 2 , 
the path-spin interdependence gets manifested in terms 
of the subensemble spin mean values given by the testable 

quantities {ve^sai^ anc ^ { a o)sG2 A ^ ■ To P ut it pre- 
cisely, in our example, the interdependence between the 
'path' and the spin variables has the following operational 
meaning 

(*e) ( £l*(*e) ( £h (^WivetSl (12) 

i.e., the subensemble mean value of the spin variable ag 
depends upon which of the 'path' observables A\ or A2 
is comeasured, where both A\ and A 2 commute with ag. 

A crucial point to be stressed is that the above man- 
ifestation of contextuality holds good whatever be the 
choice of measuring the spin variable ag; i.e., this effect 



occurs for any value of 6, thereby underscoring the essen- 
tially quantum mechanical nature of the effect demon- 
strated here. This is because, while the path-spin en- 
tangled state is prepared in our setup such that it in- 
volves the spin-polarized state along a particular direc- 
tion, viz. the z-axis, it is the quantum superposition 
of spin states with respect to any basis, used explicitly 
in writing Eqs. (8) and (9), that ensures the statistical 
display of path-spin interdependence for the measured 
values of any arbitrary spin component ag pertaining to 
each of the two subensembles of particles in the output 
channels. This effect is, thus, not reproducible using any 
classical model using pre-existing noncontextual values 
of dynamical variables. 

Further, note that although the above treatment has 
been given in terms of the subensemble averages of the 
measured spin values, it can be verified that the depen- 
dence on the choice of the comeasurable 'path' observable 
manifests as well in t erms of the relevant fluctuations 
(Aag) = \J (3g) — (ag) 2 pertaining to the measured val- 
ues of spins for the subensembles under consideration. 

The above signature of contextuality is, thus, entirely a 
consequence of the quantum mechanical treatment of the 
setup considered here, obtained by confining attention 
to the statistics of the spin measurement outcomes for 
each of the two subensembles at the exit channels. Note 
that, although the above argument is given specifically 
for the state preparation involving a 50:50 beam-splitter 
BS1, the treatment can also be shown to be valid for 
a general beam-splitter BS1, i.e., for different choices of 
reflectivity (transmittivity). Hence this demonstration is 
not state-specific. 

Next, we remark that since at the exit channels, each 
of the subensemble spin mean values exhibits dependence 
on the choice of a comeasurable 'path' observable A\ (A 2 ), 
this feature suggests that an individual measured value 
of a spin variable which is predetermined using a relevant 
hidden- variable model applied to our setup would also de- 
pend on the comeasured 'path' observable A\(A2) whose 
choice characterizes the context of this experiment. The 
meaning of such context-dependence within the frame- 
work of a hidden- variable model that is applicable to our 
setup can be explained as follows. 

Let us consider two distinct hidden- variables that de- 
termine separately the individual outcomes of the spin 
measurement in the output channels, and whether an 
individual particle is reflected/transmitted at the beam- 
splitter BS2 that occurs subsequent to the preparation of 
the path-spin entangled state on which the relevant mea- 
surements are considered. For a given prepared state, 
such hidden-variables be denoted by A and \x respectively 
where, for the sake of illustration, we stipulate that for, 
say, A = +1(— 1), the particle is found in the up (down) 
channel of either of the SG devices that are used for mea- 
suring a spin variable, while for a given value of 7(5) char- 
acterising the beam-splitter BS2 , if, say, n < 7 2 (/i > 7 2 ), 
the particle is transmitted (reflected) at BS2. 

Now, if the parameter 7(5) is varied, some of 
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the particles earlier transmitted (reflected) will be re- 
flected (transmitted), and, consequently, the distribu- 
tion of the values of n for the particles emerging in 
the reflected/ transmitted channel will vary. Con- 
comitantly, the distribution of the values of A for re- 
flected/transmitted particles must also change, thereby 
affecting the individual measured values of spin. Note 
that the latter feature is necessary for the compatibil- 
ity with the quantum mechanical result that, as ^(5) is 
varied, the statistical properties of the spin measurement 
results pertaining to each of the subensembles registered 
at the respective SG devices SGI and SG2 must also get 
changed. At the same time, however, this change of the 
distribution of A values for the reflected/transmitted par- 
ticles, induced by the variation of j(5), needs to be such 
that the statistical results of spin measurements for the 
whole ensemble of particles emerging from BS2 remain 
unchanged. 

Thus, the upshot of the above argument is that, in 
terms of a relevant hidden- variable model, if one analyses 
the quantum mechanical effect of path-spin contextual- 
ity shown in this paper, a nontrivial correlation would 
be required between the way the distributions of the val- 
ues of the pertinent hidden-variables A and /i undergo 
changes as the BS2 parameter j(5) is varied. It is such 
correlation at the level of hidden- variables that embodies 
path-spin contextuality in the sense we have discussed 
for our example. The detailed features of such correlation 
merit close scrutiny and should be an interesting direc- 
tion for further study. 

V. CONCLUDING REMARKS 

In sum, the argument presented here reveals a curi- 
ous characteristic of the contextuality relation between 



the path and the spin degrees of freedom of a spin-1/2 
particle that is distinct from the contextuality involving 
other mutually commuting dynamical variables. While 
the former, as shown in this paper, is amenable to a 
quantum mechanically derivable manifestation in terms 
of subensemble statistics, the latter is definable essen- 
tially in terms of an incompatibility between any NCHV 
model and the QM formalism. Investigations are, thus, 
called for to gain insights into the nuances of this contrast 
between the path-spin contextuality and the form of con- 
textuality that exists between other mutually commuting 
dynamical variables; in particular, the difference between 
the type of contextuality shown here and the Kochen- 
Specker-Bell-type contextuality needs to be pinpointed. 
As to whether the effect demonstrated in the present pa- 
per also holds for other possible schemes that may imple- 
ment joint path-spin measurement is an interesting ques- 
tion. Finally, a deeper understanding is required of the 
way in which, in the example considered in this Letter, 
the noncontextual character of QM is preserved for the 
expectation value of spin defined for the whole ensem- 
ble, while the quantum formalism allows for the display 
of path-spin contextuality in terms of the subensemble 
statistical results for the measured spin values. 
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